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Abstract. In the paper [TZl] . we construct new subvarieties in the varieties of power sums 
for certain quartic hypersurfaces. In this paper, we show that these quartics coincide with the 
Scorza quartics of general pairs of trigonal curves and ineffective theta characteristics. Among 
other applications, we give an affirmative answer to the conjecture of Dolgachev and Kanev 
on the existence of the Scorza quartics for any general pairs of curves and ineffective theta 
characteristics. We also give descriptions of the moduli spaces of trigonal even spin curves. 



Contents 

1. Introduction 1 

1.1. Even spin curves 2 

1.2. Scorza quartics 3 

1.3. Special quartics and incidence correspondences 5 

1.4. Existence of the Scorza quartics 6 

1.5. Moduli spaces of trigonal even spin curves 7 

2. Preliminaries 8 

2.1. Lines on the quintic del Pezzo threefold 8 

2.2. Smooth rational curves on the del Pezzo threefold 9 

2.3. Lines and conies on certain blow-ups of the del Pezzo threefold 9 

3. Existence of the Scorza quartic l9 

3.1. Scorza correspondence 10 

3.2. Line-conic duality 11 

3.3. Discriminant locus 12 

3.4. Existence of the Scorza quartic 13 

3.5. Scorza quartic of trigonal spin curves 15 

4. Moduli space of trigonal even spin curves 16 
References 19 



1. Introduction 

We give a slightly long introduction for general readers to be able to learn the essential of 
our new results by reading this introduction only. Besides we include detailed explanations of 
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important notions for our paper. Especially in ll.2l we give a detailed explanation of the Scorza 
quartic, and, in ll.3l we review our results of jTZlj needed in this paper. 

1.1. Even spin curves. 

A theta characteristic on a smooth curve F of genus g is an element 9 G Pic F such that 29 
is the class of the canonical sheaf ti^r- A couple (F, 9) is called a spin curve. 

The study of spin curves started with Riemann himself and since then a vast literature is 
devoted to the understanding of these objects (see |Mum] . |DV] ). 

There are 2^^ different kinds of spin curve structures for every smooth curve F and they are 
partitioned into two classes according to the parity of /i°(F, 9). We say a theta characteristic 9 
is even or odd if /i°(F, 9) is even or odd respectively. Correspondingly we speak of even or odd 
spin curves. There exists the moduli space Sg which parameterizes smooth spin curves (F, 9) 
and by the forgetful map Sg A4g, where J^g is the moduli space of curves of genus g, we 
see that Sg is a disjoint union of two irreducible components S^ and S~ of relative degrees 
29-^(2^ _l_ gi^^d 2^~^(2^ — 1) corresponding to even and odd theta characteristics respectively. 

It is known that h^{r,9) = for a general pair (F, G S^ and this lack of sections is a 
difficulty to the study of these theta characteristics, which are called ineffective theta charac- 
teristics. On the other hand, given such an ineffective 9, it holds that h^{T, 9 -\-a) = 1 for every 
a G F by the Riemann-Roch theorem, hence 9 gives a correspondence C F x F such that 
(a, b) G Iq if and only if b is in the support of the unique member of |^ + a|. This correspondence, 
called the Scorza correspondence, is the basis for our study in this paper (see 11.41) . and also for 
two known important applications of even spin curves, which we now explain. 

The first one is the proof of rationality of 5*^. We follow the explanation in |DKi §6, 7] (see 
also [Schl §3]). Let be a 3-dimensional vector space and V its dual. For a homogeneous 
form G G S"^V of degree m on V, we define the (first) polar Pa{G) of G at a G P(y) by 
Pa{G) := ^ X] ^i^i where and Xi are coordinates of a, and on V , respectively. Let F G S'^V 
be a general ternary quartic form on V . Then the closure of the loci in P(V^) = at a point of 
which the first polar of F is a Fermat cubic is again a smooth quartic curve, which is denoted 
by S{F) and is called the Clebsch covariant quartic of F. By taking the second polars of S{F), 
we have the following correspondence: 

(1.1) T(F) := {(a, b) G 5(F) x 5(F) | rankP„,,(F) < 1}, 

which is equal to the correspondence Iq defined by a unique theta characteristic 9. Actually, 
this is also equal to {(a, 6) G P^ x P^ | rankP„,i,(F) < 1}. 

So we have the map Sc: such that Sc: {F = 0} i-^ {S{F), 9) defined over the open 

set Ml C where S{F) is nonsingular. This association map was discovered by Scorza and 
is called the Scorza map. It turns out to be an injective birational map ( |DKt Theorem 7.8]). 
Now we can conclude that is rational since M.^ is rational ^ (see also [B]). Nowadays the 
curve F corresponding to a couple {S{F),9) is called the Scorza quartic of {S{F),9). 

The second application is Mukai's description of a famous prime Fano threefold of genus 12, 
which is, by definition, a smooth projective threefold X such that —Kx is ample, the class of 
—Kx generates PicX, and such that the genus g{X) := -^—^^ + 1 = 12. These Fano threefolds 
were quite mysterious objects and the attempt to find a geometrical description of them led 
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Mukai to find their relationship with the concept of varieties of power sums. First we recall the 
following definition: 

Definition 1.1.1. Let be a (f + l)-dimensional vector space and let F e S^V be a homo- 
geneous forms of degree m on V . Set 

VSP (F, nf := {{Hi, . . . , | i/f + ■ ■ ■ + i/^ = F} C Hilb"P(V^). 

The closed subset VSP {F,n) := VSP {F,ny is called the varieties of power sums of F. 

Mukai discovered the following beautiful description of prime Fano threefolds of genus 12 
(pukl], [Muk2]. See also [Sch]): 

Theorem 1.1.2. Let {F^ = 0} C ¥{V) be a general plane quartic curve. Then 

(1) VSP(F4,6) C Hilb^P(V^) is a general prime Fano threefold of genus 12; and conversely, 

(2) every general prime Fano threefold of genus 12 is of this form. 

Again the main character is played by ineffective theta characteristics because the Hilbert 
scheme of lines on X is isomorphic to a smooth curve Tii of genus 3 and Mukai proved that 
the correspondence on TYi x TYi defined by intersections of lines on X gives an ineffective theta 
characteristic 6 on Tii. More precisely, 6 is constructed so that 

le = {{l,m) eHixHi | / n m ^ 0, / ^ m}. 

(See 11.41 for more detailed explanations in our setting). Now, by the result of Scorza recalled 
above, there exists the Scorza quartic {F = 0} of the pair {TCi,9) in the same ambient plane 
as the canonically embedded Hi. Mukai proved that X is recovered as VSP (F, 6). This is the 
result (2) of Theorem II. 1.2[ The result (1) follows from (2) since the number of the moduli of 
prime Fano threefolds of genus 12 is equal to dim = 6. 

1.2. Scorza quartics. 

Up to now the main idea to study spin curves of genus g with ineffective theta has been to 
try to associate to them a quartic hypersurface. In the case g = 3, this association turns out 
to be the inverse of the Scorza map. 

Here we would like to recall the results of Dolgachev and Kanev [DKl §9] for a modern 
account of Scorza's beautiful construction of this quartic hypersurface |Sco2j . 

Following [DKl 7.1.4 p.279] let F C P^~^ be a canonical curve of genus g, 6 an ineffective 
theta characteristic on it and C F x F the Scorza correspondence. We denote by Ie{x) the 
fiber of I0 T over x and call it the theta polyhedron attached to x. In other words, is 
the unique member of 16* + a;|. Since the linear hull {Ie{x) — is a hyperplane of P^~^, then 
we can define a morphism Tig: Ig ^ \ujy\ = as a composition of the natural embedding 
Ig ^ 0r and the Gauss map 7: — >■ P^"^, where Gr C J(F) is the theta divisor and Gp*^ 
is the nonsingular locus of Gp. Set-theoretically tt^ is the map (x, y) 1-^ — y). The 

hyperplane {Ig{x) — y) is called the face of Ig{x) opposed to y. 

The following is an important invariant of (F,6'): 

Definition 1.2.1. The image T{9) of the above morphism ng: Ig ^ P^^^ (with reduced struc- 
ture) is called the discriminant locus of the pair (F,^). 
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By Definition II .2. 11 we have the following diagram: 

(1.2) Je c r X r 

■ng 

v{e) c pf"^ r c ps"^. 

Dolgachev and Kanev point out that, to construct the Scorza quartic, the following three 
conditions are needed, which Scorza overlooked (see |DKl (9.1) (Al)-(A3)]) : 

(Al) the degree of the map Iq r(6') is two, namely, {Ie{x') — y') = {le^x) — y) implies 

{x',y') = {x,y) or {y,x), 
(A2) r(^) is not contained in a quadric, and 
(A3) Ig is smooth (this condition is modified in |DVt 5.5.3]). 

From now on in this subsection, we assume these conditions. 
We can define: 

as a divisor, where H is an hyperplane of P^^^. 

It is not difficult to see degr(0) = g{g - 1) by (Al) and (A3) (see [DKl Corollary 7.1.7]). 
Moreover, by deg(if n T) = 2^1 - 2 and degp = g, it holds degp*(if fl T) = 2g{g - 1). By (Al), 
it is easy to see degDn = '2g{g — !)• Therefore we may expect that Du is a quadric section of 
r(^). This is true ([Dll Proposition 9.2]): 

Proposition 1.2.2. Dh is cut out by a quadric in . 

To show this, we need the assumption (A2). 

From here on, we give an explanation of the Scorza quartic slightly different from that of 
jPK] (but essentially the same). We define the correspondence: 

■■= {{qi,q2) \ qi EDhJ CT{9) xT{9), 

where Hq is the hyperplane of ps'"^ corresponding to g G P^^^. It is easy to see that V is 
symmetric. By Proposition ll.2.2[ we see that V is the restriction of a symmetric (2, 2) divisor 
D' of ps-i X F^^^. Let {F4 = 0} be the quartic hypersurface obtained by restricting V to the 
diagonal of P^"^ x P^~^. The Scorza quartic is the 'dual' quartic in P9~^ of {F4 = 0}. 

To explain this more precisely, we give a quick review of some generality of the theory of 
polarity. Set V := H^{r,LJr)- Each homogeneous form F G S^V defines a linear map: 

ap^: 5V ^ S'^V 

G ^ Pg{F). 

called the apolarity map (cf. |DKl Definition 1.5]), which is nothing but the linear extension of 
iterating polar maps. If app is an isomorphism F is called non- degenerate and then the inverse 
isomorphism is given by a F G S'^V, that is ap^:^^^ = ap^. The form F G S'^V is called the dual 
form of F P §2.3]. 

It turns out that the constructed {F4 = 0} is non-degenerate and we can take the dual 
{F4 = 0}, which is the Scorza quartic. 
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We explain one of the important properties of the Scorza quartic. By the theory of polarity 
and the definition of F4, the fiber of P ^ r(0) over a point g G r(^) is defined by the second 
polar Pjj-i^Fi) of F4. Moreover, by definition of r(^), it is easy to derive that Pu-i^F/^) = ah for 

some a, 6 G r such that (a, &) G Je, where a,b ^ ps-i jg considered as a linear form on P^"^. 
By definition of the dual, we have Pa,b{F4) = H^. By this property and (11.11) . the association 
of the Scorza quartic is the inverse of the Scorza map in the case g = 3. 

It is expected that the Scorza quartic is useful for the study of a spin curve but no deep 
properties of the Scorza quartic were known. Firstly, its construction were not so explicit as 
the reader who has follows us till here has certainly verified. Secondly, Scorza's construction 
itself depends on three assumptions (Al)-(A3) as above and it were unknown whether these 
conditions are fulfilled for a general spin curve of genus > 3. Thus even the existence itself of 
the Scorza quartic was conditional except for the genus g = 3 case, solved by Scorza himself. 
The sum of |TZ1] and of this work solve these problems for every g >3 (see Theorem 11.4. ip . 

I. 3. Special quartics and incidence correspondences. 

In |TZlj . among other results, we constructed certain special quartics. It is important to 
notice that in the end the construction of the special quartics in |TZlj is almost straightforward 
even if it relies on geometrical ideas requiring a bit of technical work. The byproduct is that 
we can show the special quartics coincide with the Scorza quartics of trigonal spin curves (see 

II. 4p . For ease of reading this paper, we think it useful to review results of |TZ1] . 

Let B be the smooth quintic del Pezzo threefold, that is 5 is a smooth projective threefold 
such that —Kb = 2if, where H is the ample generator of PicB and = 5. It is well known 
that the linear system \H\ embeds B into P^. Recall that this image of B can be seen as 
G{2, 5) n P^, where P^ C P^ is transversal to G{2, 5) which is the Grassmannian of the 2- 
dimensional vector subspaces of a 5-dimensional vector space considered embedded into P^ (see 
[F] . [Isl Thm 4.2 (iii), the proof p.511-p.514]). We started from a general smooth rational curve 
C of degree d on B, where d is an arbitrary integer greater than or equal to 6 (see 12.21 for more 
detailed properties of C) . Let f : A B he the blow-up along C and Eq the /-exceptional 
divisor. We define: 

Definition 1.3.1. A connected curve I G A is called a line on A if —K^ -1 = 1 and Ec -1 = 1. 

We point out that since —Ka = f*{—KB) — Ec and Ec -1 = 1 then /(/) is a line on B 
intersecting C . The classification of lines on A is simple: 

Proposition 1.3.2. A line I on A is one of the following curves on A : 

(i) the strict transform of a uni-secant line of C on B, or 

(ii) the union Uj = (3'^ U Qj (i = 1, . . . , s, j = 1, 2), where (3'^ is a bi-secant line (3i of C and 
(ij is the fiber of Ec over a point in C (1 jSi. 

In particular I is reduced and pa{l) = 0. 

Proposition 1.3.3. The Hilbert scheme of lines on A is a smooth trigonal curve Tii of genus 
d-2. 

We remind the reader of that Mukai constructed his plane quartics from {Tii, 6), which is a 
data of intersections of lines. Instead, to construct the special quartics, we need the notion of 
conies on A and data of their intersections. 
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Definition 1.3.4. We say that a connected and reduced curve q G A is a conic on A if 
-Ka ■ q = 2 and Ec ■ q = 2. 

We showed that the Hilbert scheme of conies on A is an irreducible surface and the normal- 
ization morphism is injective, namely, the normalization 7^2 parameterizes conies on A in one 
to one way. 

Moreover we have the full description of 7^2 as follows ( |TZ11 Theorem 4.2.15]). For this, let 
Di C 7^2 be the locus parameterizing conies on A which intersect a fixed line / on A. 

Theorem 1.3.5. 7^2 is smooth and is a so-called White surface obtained by blowing up S^C ~ 
at s := ("^2^) points. The locus Di is a divisor linearly equivalent to (c^ — 3)/i — ^^^-^ Cj on 7^2; 
where h is the pull-back of a line, Ci are the exceptional curves ofrj: 7^2 —>■ P^; o.'nd \Di\ embeds 
H2 into P"^"^. 7^2 C P"'"^ is protectively Cohen-Macaulay, equivalently, h\W"^~^,I'H2{j)) = 
for i = 1,2 and j G Z, where I-H2 is the ideal sheaf of I-L2 in P"^"^. Moreover, 7^2 is given by 
intersection of cubics. 

Here we use the notation IP'^"^ since the ambient projective space of 7^2 and that of the 
canonical embedding of Tii can be considered as reciprocally dual (see 13.21) . We write the 
ambient of Hi by P'^-^ and that of by P'^-^. 

Finally set 

T^2 ■■= {{qi, q2) e 71:2 X 71:2 I gi n g2 7^ 0} 
and denote by Dq the fiber of 1^2 7^2 over a point q. Then Dq ~ 2Di and it holds that 
V2 ~ PiDq + J92-Dg. In particular since 7-^2 is not contained in a quadric, it holds if°(7i2 x 
H2, 2^2) ^ H^{f"^'^ X P'^-^, C(2, 2)). Thus is the restriction of a unique (2, 2)-divisor V'^ on 
pa!-3 ^ ]pfi-3_ gjjice is Symmetric, we may assume its equation P2 is also symmetric. The 
restriction of P2 to the diagonal is a quartic hypersurface {F4 = 0} in P"^"^. We showed that 
F4 is non-degenerate. Then the desired quartic is the unique quartic hypersurface {F4 = 0} in 
P'^-^ dual to 

Notice that this construction is quite similar to that of the Scorza quartic. This similarity 
will be clear once we define a theta characteristic on T^i and clarify the relation of Tii and 7^2 
(seeOD. 

The following is the main result of [TZlj . which is also a generalization of (2) of Theorem 

Theorem 1.3.6. Let f : A B be the blow-up along C , and let p: A ^ A be the blow-up of A 
along the strict transforms (3[ of ('^g^) bi-secant lines (3i of C on B. Then there is an injection 

from A to VSP {Fl,n), where n := ('^2^)- Moreover the image of A is uniquely determined by 
T>2 and is an irreducible component of 

VSP (Fi, n- n2) := {(ifi,...,i/„) I Hien2} C VSP (Fi, n). 

1.4. Existence of the Scorza quartics. 

Now we expose the results of this paper. Consider the Scorza correspondence I0 for a curve 
F of genus g and an ineffective theta 6. First notice the following, which can be easily seen by 
the Riemann-Roch theorem and very standard arguments: 

(a) 9 = Io{x) — X is (of course) independent of x G F, 

(b) /i°(F, ^ + x) = 1 for any x G F, 
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(c) h is disjoint from the diagonal, 

(d) I0 is symmetric, and 

(e) I0 is a ((7, (?)-correspondence. 

By |DKt Lemma 7.2.1], conversely, for any reduced correspondence /' satisfying the above 
conditions, there exists a unique ineffective theta characteristic such that I' = Iq. 

Now for the curve Tii parameterizing lines on A (see Proposition II. 3.31) . we can introduce 
the incidence correspondence: 

(1.3) / := {(/,m) I / ^ m,/nm ^ 0} C Tl^i X 

with reduced structure. Actually we need a more sophisticated way to define /: see 13.11 
In Proposition 13.1.21 we prove / satisfies the conditions (a)-(e) whence there exists a unique 
ineffective theta characteristic such that / = Iq. This is a generalization of Mukai's result 
explained above. 

In 13.21 we observe that there is a natural duality between Tii and the space 7^2 of conies 
on A. This gives us a very computable way to produce the discriminant loci T{9) of 9: see 
Proposition 13.31 In particular, we prove that T{6) is contained in 7^2- 

By virtue of our explicit computation of the discriminant, we prove in Proposition 13.4.11 that 
the pair {Tii, 0) satisfies the conditions [DKt (9.1) (Al)-(A3)], which guarantee the existence of 
the Scorza quartic for the pair (Hi, 9). Then, by a standard deformation theoretic argument, 
we can then verify that the conditions (Al)-(A3) hold also for a general spin curve, hence we 
answer affirmatively to the Dolgachev-Kanev Conjecture: 

Theorem 1.4.1 (=Theorem l3.4.3| . The Scorza quartic exists for a general even spin curve. 

Moreover we can find explicitly the Scorza quartic for {T-Ci,6). In fact, by definition, the 
Scorza quartic for {Hi, 6) lives in P(if''(7ii, i^T^^J) but by line-conic duality as in 13.21 we can 
consider it lives in P"'^^. In 13. 5^ we prove 

Proposition 1.4.2 (=Proposition IT. 5. II) . The special quartic {F'^ = 0} C P'^"^ of Theorem 
\1.3.6[ coincides with the Scorza quartic of {Hi, 9). 
1.5. Moduli spaces of trigonal even spin curves. 

Our construction has an application to the description of the moduli space iSjlg of trigonal 
even spin curves. 

In [TZH 2.3], we constructed inductively a smooth rational curve Cd on B of degree d by 
smoothing the union of a smooth rational curve Cd-i of degree d — 1 and a general uni-secant 
line of it on B. We inductively define H% as the union of the components of the Hilbert 
scheme whose general point parameterizes a smooth rational curve of degree d on B obtained 
as smoothings of the unions of a general smooth rational curves of degree d — 1 belonging to 
7i^~^ and their general uni-secant lines. Indeed, by \TZ1\ Proposition 2.5.2], H^ is irreducible. 

It is known that Aut B is isomorphic to the automorphism group PGL2 of the complex 
projective line. The PGL2-action on B induces the PGL2-action on H^ ■ In the section HJ 
we show that if d > 7 (resp. d = 6), then Sj^_2 (resp. or its double cover) birationally 
parameterizes PGL2-orbits in H^ (see Theorem I4.0.2p . 

In the forthcoming paper |TZ2] . we show that 154*" is rational using this description. Indeed, 
we construct a PGL2-equivariant birational map H^ --^ (HfY/&Q ~ (P^)^/(56, where ©e is 
the symmetric group of degree 6 acting on (P^)^ as the permutation of the factors, thus 
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or its double cover birationally parameterizes PGL2-orbits of unordered six points in P^. We 
show the rationahty of relating it with the classically studied moduli space of PGLs-orbits 
of unordered six points in P^. 

Acknowledgement. We are thankful to Professor S. Mukai for valuable discussions and con- 
stant interest on this paper. We received various useful comments from K. Takeuchi, A. 
Ohbuchi, S. Kondo, to whom we are grateful. The first author worked on this paper par- 
tially when he was staying at the Johns Hopkins University under the program of Japan-U.S. 
Mathematics Institute (JAMI) in November 2005 and at the Max-Planck-Institut fiir Mathe- 
matik from April, 2007 until March, 2008. The authors worked jointly during the first author's 
stay at the Universita di Udine on August 2005, and the Levico Terme conference on Alge- 
braic Geometry in Higher dimensions on June 2007. The authors are thankful to all the above 
institutes for the warm hospitality they received. 

2. Preliminaries 

In this section, mainly we review our results in the previous paper |TZlj which we need in 
this paper. 

2.1. Lines on the quintic del Pezzo threefold. 

Let vr: P — i> Tif be the universal family of lines on the quintic del Pezzo threefold B and 
if: F B the natural projection. By |FN^ Lemma 2.3 and Theorem I], TCf is isomorphic to P^ 
and if is a. finite morphism of degree three. In particular the number of lines passing through 
a point is three counted with multiplicities. 

Denote by M{C) the locus C P^ of lines intersecting an irreducible curve C on B, namely, 
M(C) := 7i{(p~^{C)) with reduced structure. Since ip is flat, ip~^{C) is purely one-dimensional. 
If degC > 2, then {p~^{C) does not contain a fiber of tt, thus M(C) is a curve. 

A line Z on 5 is called a special line if Afi/B — Opi{—l) © Cpi(l). Note that, if / is not a 
special line on B, then Mi/b = Oi ® Oi. 

Proposition 2.1.1. It holds: 

(1) Special lines are parameterized by a conic Q2 on Ti.^, 

(2) if I is a special line, then M{1) is the tangent line to Q2 at I. If I is not a special line, then 
(f^^{l) is the disjoint union of the fiber of tt corresponding to I, and the smooth rational 
curve dominating a line on P^. In particular, M{1) is the disjoint union of a line and the 
point I G TC^. By abuse of notation, we denote by M{1) the one- dimensional part of M{1) 
for any line I. Vice-versa, any line in Tif is of the form M{1) for some line I, and 

(3) the locus swept by lines intersecting I is a hyperplane section Ti of B whose singular locus 
is I. For every point h ofTi\ I, there exists exactly one line which belongs to M{1) and 
passes through h. Moreover, if I is not special, then the normalization of Ti is Fi and the 
inverse image of the singular locus is the negative section of¥i, or, if I is special, then the 
normalization of Ti is F3 and the inverse image of the singular locus is the union of the 
negative section and a fiber. 
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2.2. Smooth rational curves on the del Pezzo threefold. 

In |TZH 2.3], we constructed inductively a smooth rational curve Cd on B of degree d by 
smoothing the union of a smooth rational curve Cd-i of degree d — 1 and a general uni-secant 
line of it on S. 

We inductively define as the union of the components of the Hilbert scheme whose general 
point parameterizes a smooth rational curve of degree d on B obtained as smoothings of the 
unions of a general smooth rational curves of degree d — 1 belonging to and their general 
uni-secant lines. Indeed, by |TZll Proposition 2.5.2], is irreducible. 

A general Cd belonging to has the following several nice properties: 

Proposition 2.2.1. (1) J^Cd/B — Opi{d — 1) © Opi{d — 1). In particular h^{J^Cd/B) = and 
h'{Mc,/B) = 2d, 

(2) there exist no k-secant lines of Cd on B with k >3, 

(3) there exist at most finitely many bi-secant lines of Cd on B, any of them intersects Cd 
simply, and they are mutually disjoint, 

(4) neither a bi-secant line nor a line through the intersection point between a bi-secant line 
and Cd is a special line, 

(5) M{Cd) intersects Q2 simply, 

(6) M{Cd) is an irreducible curve of degree d with only simple nodes [recall that we abuse the 
notation by denoting the one- dimensional part of Tr{ip~^{Ci)) by M{Ci)), and 

(7) by letting I be a general line intersecting Cd or any bi-secant line of Cd, M{Cd) U M{1) has 
only simple nodes as its singularities. 

Proof. See [TZTl Propositions 2.3.2, 2.4.1, 2.4.2 and 2.4.4]. □ 

2.3. Lines and conies on certain blow-ups of the del Pezzo threefold. 

Convention 2.3.1. We usually denote by I the image of a line / on A. 

Here we give a more precise definition of Di defined before Theorem 11.3.51 Inside I-L2 x Tii, 
we can define the incidence loci: 

:= {{q,l) en2xni\qniy^iD}. 

Let Vi C Ti.2 X Til be the divisorial part of Vi. Since Ti.i is a smooth curve Vi Tii is fiat. 
Let Di be the fiber of Vi Tii over I eTCi. Clearly we can write Di "-^ Ti.2. 

The following result contains the nontrivial result that for a general I G Tii, Di parameterizes 
conies which properly intersect /. 

Proposition 2.3.2. For a general I G Tii, Di does not contain any point corresponding to the 
line pairs I U m with m G Tii, and hence Di parameterizes all conies which properly intersect I. 

Proof See fTZT\ Corollary 4.2.17]. □ 

3. Existence of the Scorza quartic 

In this section we will use the geometries of the trigonal curve Tii (see Prop osit ion 1 1 . 3 . 3"]) and 
of the White surface 7^2 (see Theorem 11.3.51) . respectively to give an afiirmative answer to the 
conjecture of Dolgachev and Kanev [DKl Introduction p. 218] (see Theorem 13.4.31) . 
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3.1. Scorza correspondence. 

We need a more scheme theoretic definition of the correspondence / given in II. 3[ 
For a general Cd G 7i^, set C := Cd- There is a natural morphism Tii — > Tif ~ mapping 
the class of a line Z on A to that of the image I of I on B. The image of Tii on Tif is nothing 
but M := M{C) defined in 12.11 and Tii — > M is the normalization. By Proposition 12.2.11 (6), 
M has only nodes as its singularities. By Proposition 11.3.21 singularities of M correspond to 
bi-secant lines of C. Since Pa{M) = ('^~^)^('^~^) and g(Hi) = d — 2, the number of nodes of M, 
which is equal to the number of bi-secant lines of C, is s := I^z^K^z^_ 

Lemma 3.1.1. h^iHi, (7r|Hj*CAf(l)) = 3. 

Proof. Let /i: ^ ^ 7^f ~ P2 ^-^^ blow-up of Hf at the s = (^^g^) nodes of M. Then 
TCi ^ d\ — 2 ^^=1 Si, where A is the pull-back of a general line and Ei are exceptional curves. 
By the exact sequence 

^ OsiX - Hi) ^ 05(A) ^ OnAi.'^\nyOM{l)) ^ 

together with h\Os{\)) = 3 and /^°(Os(A-7^l)) = h\Os{X)) = 0, we see that h^Hi, (7r|Hj*CAf(l)) = 
3 is equivalent to h^{Os{\—'Hi)) = 0. By the Riemann-Roch theorem, we have xiC^si^—Ti-i)) = 
0. Thus by h^{Os{X - Hi)) = 0, h\Os{X - Hi)) = is equivalent to h\Os{X - Hi)) = 0. 
By the Serre duality, h^{Os{X - Hi)) = h^{Os{{d - 4)A - Ei=i^i)- Thus we have only to 
prove that there exists no plane curve of degree d — A through s nodes of M. We prove this 
fact by using the inductive construction of C = Cd- As we mentioned in 12. 2[ Cd+i is obtained 
as the smoothing of the union of Cd and a general uni-secant line I of Cd- From now on in 
the proof, we put the suffix d to the object depending on d. For example, Sd '-= ('^2^)' 
case d = 1, the assertion is obvious. Assuming hP{Os^{{d — A)Xd — Yllti^i,d) = 0; we prove 
/i°(05^^j ((c? — 3)Arf+i — ^21=1 ^i,d+i) = 0- By a standard degeneration argument, we have only 
to prove that there exists no plane curve of degree d — 3 through Sd+i nodes of Md U M(I), 
where Sd of s^+i nodes are those of Md and the remaining s^+i — Sd = d — 2 nodes are Md fl M(I) 
except the two points corresponding to the two other lines I , I through Cd H /. Assume that 
there exists a plane curve G of degree d — 3 through Sd+i nodes of Md U Mil). Then G fl M(I) 
contains at least d — 2 points. Since degG = d — 3, this implies M(J) C G- Thus there exists a 
plane curve of degree d — 4 through Sd nodes of Md, a contradiction. □ 

We denote by 6 the gl on Tii which defines ^Pini '- "^i ^ C- Let /, /' and /" be three lines on 
A such that I + I' + I" ^ 6 - Then I, I and l" are lines through one point of C Set 

9:= (7r|^J*OM(l)-5. 

Note that deg^ = d — 3- Let / be any line on A and lines such that / + /' + /" ~ S- 
Bj 9 + 1 = 7i*^^Om{1) - I' - I" and Lemma 13X11 we have h°(ni,On,{9 + I)) = 1. Let 
Pi/- Hi X Hi ^ Hi {i = 1,2) be the two projections and A the diagonal of Hi x Hi- Set 
jC ■= On^y,niiP2*9 + A). By h^{Hi, OhA^ + 0) = 1 for any / G Hi, we see that piX is an 
invertible sheaf. Define an ideal sheaf 1 by pi*puC = C®1. X is an invertible sheaf and let I 
be the divisor defined by X. We will denote by the fiber of / ^ Hi over I. By definition, 
I{1) consists of the points in the support of |6' + /|. Since 7r*^^(9M(l) — I' — I", they correspond 

to lines on B intersecting both C and I except I' and I"- The number of them is at most d — 3. 
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By Proposition 12 . 2 . 1 1 ( 7) . the number is actually d — 2. Thus the fiber of I ^ Hi over a general 
I is reduced. Hence / is reduced. 

Now we show the following generalization of Mukai's result |Muk2| §4] in our setting: 

Proposition 3.1.2. The class of 9 is an ineffective theta characteristic and I = Ig. 

Proof. By invoking [DKt Lemma 7.2.1] and the definition of /, it suffices to prove the following: 

(a) OnA^ + 0) = 1 for any / e Hu 

(b) / is reduced, 

(c) / is disjoint from the diagonal, equivalently, {l,m) G / if and only if / 7^ m, 

(d) / is symmetric, and 

(e) / is a ((/(Hi), (?(7Yi))-correspondence. 

Let / be any line on A and /', /" lines such that / + /' + /" ~ 5. 
We have proved (a) and (b) already in the above discussion. 

We prove (c). It is equivalent to show that the support of /(/) does not contain /. By 
definition 6 + I = 7r*^^(9jvf (1) — I' — I". If I is special, then it is uni-secant by Proposition 12 .2 . 11 

(4), and M is not tangent to Q2 at I by Proposition 12.2.11 (5). Hence we are done. If I is not 
special, then Mil) does not contain I, thus we are done. 

We prove (d). Let m be a line on A such that m G Ti.^ is contained in the support of /(/). It 
suffices to prove that for a general /, / G is contained in the support of I{m). For a general 
/, we may assume that m ^ V 01 I". Then it is easy to verify this fact. 

Finally we prove (e). Since I is symmetric and deg(^ + I) = d — 2 = g{'Hi), the divisor is a 
(5'('^i)) 5'(^i))-correspondence. □ 

3.2. Line-conic duality. 

We consider the embeddings of Hi and H2 into projective spaces by the canonical linear 
system and the linear system \Di\, respectively. Then we show the ambient projective spaces 
are reciprocally dual. 

Lemma 3.2.1. The projection T>i H2 is finite and fiat. 

Proof. Since Vi is a Cartier divisor in a smooth threefold Hi x H2, "Pi is Cohen-Macaulay. 
Since M = M{C) is irreducible, no conic on A intersects infinitely many lines on A. Therefore 
Vi H2 is finite, hence Vi H2 is flat since H2 is smooth. □ 

Denote by Hg the fiber of the projection Vi H2 over q. For a general q, lines intersecting 
q are general. Thus, by Proposition 12.3.21 Hg parameterizes all the lines intersecting a general 

Lemma 3.2.2. For a general conic q, Hg G |7r*(9jv/(2) — 26\, namely, Hg 26 -^Wi- 

Proof. Since q is general, the image g of g is a bi-secant conic of C. Let li and fuj (i = 1, 2, 3, j = 
1, 2, 3) be the lines on B through each point of C fl g respectively. Denote by k and mj the 
lines on A corresponding to Ij and frij. Since q is general, lines li and nij are also general. 
By definition of S, we have h + I2 + h ~ ^i + ^2 + ^3 ~ The lines on A intersecting q 
come from lines on B intersecting C and q except k and frij {i = 1, 2, 3, j = 1, 2, 3). Therefore 
Hge\7i*OM{2)-26\. □ 
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By the flatness of Vi —>■ H2, it liolds Hq ~ K-^i^ for any q. 

By Tlieorem ll.3.5[ Di is a hyperplane section of 7^2 C {""^"^ . Tlius the family 

©1 n2 X 7^1 




Hi 

induces the morphism 

/ ^ Di 

by the universal property of the Hilbert scheme, where P'^"^ jg ^.j^g dual projective space of 
P'^-^^ Since Di ^ Di, for general / ^ I', Hi -> P^"^ is birational. We denote by {Hg = 0} the 
hyperplane in P"'~'^ corresponding to the point q G P°'~^. Note that, for / G Tii and q G H2, 
Di G {Hg = 0} if and only if Di{q) = by definition of Hg. Thus Hg = {Hg = 0} for a general 
q. Consequently, Hi — >■ P'^"^ coincides with the canonical embedding \- Hi ^ |-,y 

Hgr-^Kn,. 

3.3. Discriminant locus. 

We consider Hi C P"'^^ and H2 C P^"'^. For the pair {Hi, 6), we can interpret r(^) by the 
geometry of lines and conies on A as follows: 

Proposition 3.3.1. For the pair {Hi, 6), the discriminant locus T{6) is contained in H2, and 
the generic point of the curve T{6) parameterizes line pairs on A. 

Proof. Take a general point (/i,/2) ^ I, equivalently, take two general intersecting lines h and 
I2. /i U I2 is a conic and the lines corresponding to the points of I{li) — I2 are lines intersecting 

11 except I2. Thus by discussions in 13. 2[ the point in P'^"^ corresponding to the hyperplane 
(/(/i) — ^2) is nothing but I1UI2 E 7^2- This implies the assertion. □ 

Proposition 3.3.2. The curve r{6) belongs to the linear system |3(c? — 2)/i — 4 ej| onH2- 
In particular T{6) is not contained in a cubic section ofH2- 

Proof. For a point b E C, set 

Lb := {qeH2\3b'^b,f{q)nC = {b,b'}}. 

We show that the image ri{Lh) of Lb on S'^C is a line. Choose b' E C such that there exists no 
line on B through b and b'. By |TZlt Corollary 3.2.3], there exists a unique conic on B through 
b and b'. This implies that ri{Lb) is a line. 
We can write: 

T{9) ah — mjej, 

where a E 1^ and nii G Z. 

For a general b E C, Lb intersects T{6) simply. Thus a is the number of line pairs whose 
images on B pass through b. By noting there exists three lines /i, I2 and I3 through b, it suffices 
to count the number of reducible conies on B having one of li as a component except liU I2, 

12 U /a and 1^ U li. Thus a = 3{d — 2). 
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Now We count the number of line pairs belonging to Cj. Each of such line pairs is of the form 
hj;k U lij, where lij-k {k = 1, 2) is the strict transform of the line through one of the two points 
in /?j n C distinct from j3i. Thus the number of such pairs is four whence > 4. 

Finally we count the number of line pairs intersecting a general line /. By Proposition I2.3.2"| 
Di does not contain any line pair having / as a component. Since the number of lines on A 
intersecting a fix line on yl is (i — 2, we see that Di ■ T{9) > {d — 2){d — 3). Then 

s 

{d - 2)(d - 3) < r(^) ■ Di = {d-3)a-Y^ m^. 

i=l 

where s = Since we have shown rrii > 4, this implies = 4. 

□ 

Corollary 3.3.3. For {Hi, 9), it holds that degV (6) = g{g - 1) and pa{T{e)) = y{g - 1) + 1. 
Moreover, K^^e) = C'r(e) (3) • 

Proof. The invariants of r(^) are easily calculated by Proposition 13.3.21 □ 

Corollary 3.3.4. The restriction map H'^{Ofd-3{2)) — > -?f°((9r(0)(2)) is an isomorphism. 

Proof. ByTheorem031^r°(C>pd_3(2)) ^ i/^ (0^2(2)) is an isomorphism. To see (07^2(2)) - 
-f^°(C^r(6i)(2)) is an isomorphism, we have only to show that if^(7i2, (^^2(2) ® C^'H2(~r(6'))) = 
{0}. By the Serre duality, the last cohomology group is isomorphic to 7/^(7^2, C'w2(~2) ® 
O'H^iKn^ + '^iO)), and moreover, by Kn^ + TiO) = O^^fs), it is isomorphic to H\n2, On^il)), 
which vanishes by Theorem ll.3.5[ □ 

3.4. Existence of the Scorza quartic. 

We show the three conditions as in 11.21 hold for general pairs of canonical curves F and 
ineffective theta characteristics 6 as Dolgachev and Kanev conjectured. 

First we show that for our trigonal curve Tii and the ineffective theta characteristic 6 defined 
by intersecting lines on A the above conditions hold. 

Proposition 3.4.1. (Hi, 9) satisfies (A1)-(A3). 

Proof. (Al) This condition means that for general lines / and /' on A such that {1,1') € / the 
face (/(/) — /') belongs only to /(/) and to /(/')• 

By contradiction assume that there exists a line mon A such that m ^ l,m ^ I' and (/(/)—/') 
is a face of I{m). Then some rf — 3 points of I{m) lie on the hyperplane (/(/) — I')-, equivalently, 
m intersects c? — 3 lines on A corresponding to — 3 points of /(/) U /(/') except / and /'. By 
(i > 6, it holds that, for / or /', say, /, there exist two lines intersecting both / and m. 

Consider the projection B --^ Q from the line f{l) = I. By [F], the target of the projection 
is the smooth quadric threefold Q and the projection is decomposed as follows: 




B g, 

where tti is the blow-up along I. Moreover, the image Ej of the TTi-exceptional divisor Ej on Q 
is a hyperplane section. 
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Now notice that, by generality of Z, I 7^ m := /(m) is equivalent to have / 7^ m. Assume by 
contradiction that I fl m 7^ 0. Then they span a plane P, which contains two lines intersecting 
both I and m. This implies that P G B since B is the intersection of quadrics, a contradiction. 
Thus I n m = whence the strict transform m' of m on Q is a line. Since there exist two 
lines intersecting both I and m, m' intersects the image Ej of Ej at two points. Since Ej is a 
hyperplane section on Q, this implies that m' C -Ep a contradiction. 
(A2) This condition is satisfied by Theorem 11.3.51 and Proposition 13.3.21 

(A3) By |DKt Lemma 7.1.3], (mi, 7712) G / is a singular point of / if and only if |J(mi)— 2m2| 7^ 
and |/(m2) — 2mi| 7^ 0. 

Let m be a line on A, and h and I2 two lines on A such that 6 ^ m + li + 12. By definition 
of 9, I{m) 6 + m (7r|7^J*CAf (1) — ^1 — h- Therefore |/(m) — 2n| 7^ if and only if one of 
the following holds: 

(1) n is a smooth point of M. In this case, n is a uni-secant line of C. li n ^ li nor I2, 
then M{m) is tangent to M at ?T. U n = li or I2, then M{m) is tangent to M at rl with 
multiplicities three, or 

(2) ?T is a singular point of M, which is a node. In this case, n is a bi-secant line of C. 
Correspondingly, there is another line n' on A, see proposition ll.3.2] (ii). The two branches 
of M at n correspond to n and n' respectively since Tii — > M is the normalization. If n 7^ Ii 
nor I2, then M(m) is tangent at n to the branch of M corresponding to n. If n = Ii or I2, 
then M{rn) is tangent at n to the branch of M corresponding to n with multiplicity three. 

Recall that, for a line I on B, we denote by Tj the hyperplane section swept out by lines 
intersecting I (Proposition I2.1.T] (3)). We can restate the above conditions as follows: 

(1) If n 7^ Ii nor I2, then C is tangent to at C (In. Assume that n = Ii or l2- If ^ is 
not a special line, then C is tangent at C (In with multiplicity three to the branch of 
corresponding to n. If n is a special line, then C intersects at C (In with multiplicity 
three. 

(2) Note that, by Proposition ll.3.2l n corresponds to one of a point p„ of CHn. By Proposition 
12.2.11 (4), n is not a special line. If n 7^ Ii nor I2, then C is tangent to at If n = Ii or 
I2, then C is tangent at p„ with multiplicity three to the branch of corresponding to n. 

Bearing this in mind, we prove that / is smooth for a general C by simple dimension count. 
We only prove / is smooth at (mi,m2) with both mi and m2 non-special. The remaining 
cases can be treated similarly. Let mi and m2 be two intersecting non-special lines on B. We 
estimate the codimension in of the locus H' of C such that C intersects both mi and m2 
and is tangent to both T^^ and T^j- By Proposition 12.2.11 (1), passing through one point is 
a codimension two condition. Moreover, being tangent to a smooth surface is a codimension 
one condition. The choice of two points on mi and m2 respectively has two parameters. Thus 
codimTi' = 4. Since the choice of mi and m2 has three parameters, we have the claim for a 
general C. □ 

For any spin curve (F, 6) with ineffective 6, let 

m ■■=Ie/{r), 

where r is the involution on Iq induced by that of F x F permuting the factors. Note that 
le T{9) factor through F'(^). 
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Corollary 3.4.2. For {1-Ci,6), it holds T'{6) ~ r(^^). In particular, T{d) is a smooth curve. 

Proof. By Proposition [3X11 (Al) and (A3) hold for {Hi, 6). Thus we have Pa{T'{e)) = |c/(^ - 
1) + 1 by [DKl Corollary 7.1.7]. Thus Pa{T'{9)) = Pa(r(^)) by Corollary [3X3 By (Al) again, 
the natural morphism r'(^) r(^) is birational. Therefore it holds r'(^) ^ r(^^). 

Since / is smooth, and I is disjoint from the diagonal, the map / —>■ T'{6) is etale. Thus 
r(^) ^ r'(^) is a smooth curve. □ 

By a moduli theoretic argument we prove the conjecture for a general pair (F, 6). 

Theorem 3.4.3. A general spin curve satisfies the conditions (Al)-(A3). In particular, the 
Scorza quartic exists for a general spin curve. 

Proof. Classically, the moduli space of even spin curves of genus g is known to be irreducible 
(see |ACGHj ). Let [/ be a suitable finite cover of an open neighborhood of a general (Hi, 6) G Sg 
such that there exists the family C ^ U oi pairs of canonical curves and ineffective theta 
characteristics. Denote by (F^, 6u) the fiber of C — > t/ over u E U . By Proposition 13.4. H 
[Til, 6) satisfies (A1)-(A3). Since the conditions (Al) and (A3) are open conditions, these are 
true on U. Thus we have only to prove that the condition (A2) is still true on U. Let J ^ U 
be the family of Jacobians and G — *• f/ the corresponding family of theta divisors. By |DK| 
p. 279-282], the family X of the Scorza correspondences embeds into 6, and by the family of 
Gauss maps — > P^^^ x f/, we can construct the family Q ^ U whose fiber Qu C P^"^ is the 
discriminant F(^„). By Corollary 13.4.21 it holds F'(^^) ~ F(^) for {Hi, 9). Thus we have also 
F'(^„) ~ F(^„) for u eU. By [DKl Corollary 7.1.7], we see that Pa{T{du)) and degF(^„) are 
constant for u & U . Thus Q ^ U is a. fiat family since the Hilbert polynomials of fibers are 
constant. Since no quadrics contain F(^) for [Hi, 6), neither does T{6u) for m e [/ by the upper 
semi-continuity theorem. □ 

We have the following corollary to the proof of Theorem 13.4.31 

Corollary 3.4.4. Let (F, 9) he a general pair of a canonical curve F and an ineffective theta 
characteristic 9. 

(1) F(^) is smooth. 

(2) T'{9)^m. 

(3) irr(e) = 0m(3). 

(4) The restriction morphism H^{Ofi-;{2)) if°(Or(0)(2)) is an isomorphism. 

Proof. (1) follows from (A3) for (F, 9). For the other, by the deformation theoretic argument in 
the proof of Theorem 13. 4. 3[ we have only to show the assertion for a general {Hi, 9) constructed 
from the incidence correspondence of lines on A. This is true by Corollaries 13.3.31 13.3.41 and 
KUA □ 

3.5. Scorza quartic of trigonal spin curves. 

Proposition 3.5.1. The special quartic as in I.4 is the Scorza quartic for (Hi, 9). 



Proof. As in II. 2[ the dual F4 of the Scorza quartic is obtained by restricting to the diagonal 
the (2, 2) divisor on t"^'^ x P'^-^ coming from the correspondence 

V := {iqi,q2) \ qi EDhJ CTi9) xTi9). 
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On the other hand, the special quartic F'^ are obtained by restricting to the diagonal the (2, 2) 
divisor of P'^^^ ^ pd-3 coming from the correspondence 

'^2 ■■= {(gi, q2) I gi n g2 7^ 0} C 71:2 X n2. 

Actually, is determined by the restriction of P2 to r{6)xr{6) by Theorem 1 1 . 3 . 5 1 and Corollary 
I3.3.4[ Therefore the assertion is equivalent to show Dh^ = {Dg = 0} fl T{9) for a general q. 
The set {Dg = 0} fl r(^) consists of points corresponding to the line pairs on A intersecting 
q. By definition of Dh^, it is rather straightforward to see the set Dh^ also consists of points 
corresponding to the line pairs intersecting q. □ 

4. Moduli space of trigonal even spin curves 

Let A^*"" and S^^'^ be the moduli space of trigonal curves of genus g and the moduli space of 
trigonal even spin curves of genus g, respectively. Denote by Ti^ the Hilbert scheme of general 
smooth rational curves of degree d on B obtained inductively as in Proposition I2.2.1[ By |TZlt 
Proposition 2.5.2], Ti^ is irreducible. It is known that Aut B is isomorphic to the automorphism 
group PGL2 of the complex projective line (see |MUj and |P Vj ) . The PGL2-action on B induces 
the PGL2-action on Ti.^ . We have a natural rational map vr^ : Ti^ iSjl'g which maps a general 
Cd to [Til, 6) and is constant on general PGL2-orbits. By taking suitable compactifications of 
Ti.^ and i5j^2 5 ^ resolution of indeterminancy of vr^ and the Stein factorization, we have rational 
maps ps: TC^ Is - ^d-2 ^^^h that a general fiber of ps is connected and 

qs is generically finite. Then the PGL2-orbit of a general point of Ti^ is contained in a fiber of 
Ps- The purpose of this section is to show the following: 

Theorem 4.0.2. A general fiber ofps contains a 'PGL2-orhit as an open dense subset. If d > 7, 
then qs is hirational onto the image. If d = 6, then the degree of qs is at most two. 

In other words, if ci > 7 (resp. d = 6), then iSjlg (I'esp. Sj^_2 or its double cover) birationally 
parameterizes PGL2-orbits in H^- 

Now we give three lemmas to prove Theorem I4.0.2[ First, as in Mukai's case (cf. the 
explanation about the proof of Theorem 11.1.21 (1)), we can reconstruct the threefold A, whose 
definition is in the statement of Theorem 11.3.61 via the curve Tii and the ineffective theta 
characteristic 6. 

Lemma 4.0.3. The isomorphism class of A is recovered from the isomorphism class of {Tii, 9). 

Proof. From (7ii,6'), we can define r(^) as in Definit ion 1 1 . 2 . 1 1 and F4 by Proposition 13.5.11 By 
Theorem 11.3.51 and Proposition 13.3.21 0.2 is recovered from T{6) as the intersection of cubics 
containing T{6). The divisor V2 C 7^2 x ^2 as in Theorem 11.3.61 is recovered from the dual F4. 
Thus, by Theorem 1 1 . 3 . 6 1 and Proposition 13.5.11 A is recovered from F4 and 7^2- D 

To refine Lemma I4.0.3[ we show the following using the techinique of the Mori theory: 

Lemma 4.0.4. Suppose that d > 7. Then, for a general A, there exists a unique smooth 
rational curve C of degree d on B up to the PGL2 -actzon such that A is obtained from B by 
blowing up C and the strict transforms of its bi-secant lines. 
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Suppose that d = Q. Then, for a general A, there exists at most two smooth sextic rational 
curves C^,...,C"^ (a < 2) on B up to the PGL2 -action such that A is obtained from B by 
blowing up one C* (1 < « < a) and the strict transforms of its bi-secant lines. 

Remark. In the forthcoming paper |TZ2j . we show that a = 2 in case where d = 6. 

Proof. Let U be an open subset of Ti.^ such that, for C & U, 

• C is a smooth rational curve, 

• Afc/B - Cpi(ci- 1) ©Cpi(rf- 1), 

• all the bi-secant lines Pi {1 < i < s) of C are mutually disjoint, and 

• Afp'jA - Cpi(-l) © Opi(-l) for the strict transform (3- on A of f3i {1 < i < s). 

It suffices to show the finiteness as above on U. More precisely, assume that A has two 
contractions pj: A Aj [j = 1,2) with the following properties: 

(1) pj contracts disjoint s exceptional divisors ~ P-^ x (1 < i < s) with N'^/^j — 
O pixpi(— 1, —1) to rational curves, and 

(2) there exists a birational morphism fj : Aj B blowing down a P^-bundle to a rational 
curve of degree d with Afcj/B ^ Opi{d - 1) © Opi(rf - 1). In particular, E^ ~ P^ x P^. 

Then we show that d = 6, {E}} = {Ef} as sets and pi and p2 are the contractions of {E^} 
along two different directions. 

Since the conormal bundle of E^- is ample, there is an analytic contraction contracting one 
Ef only. Therefore it does not happen that E} fl Ef, 7^ and E} 7^ Ef, for some i, i' since then 
E} n Ef cannot be contracted on E} nor Ef. Assume by contradiction that there is an E], 

disjoint from all the Ef's. Let E^, be the image of E}, on A2. It holds that E^, ^ x P^ and 
■^A2/'E^i ~ ^P^xpi (^1) ~1)- Hence there is an analytic contraction contracting E^, only. Since 
B does not contain a copy of P^ x P\ e\, fl E"^ is not empty. This is a contradiction since 
^2 ~ P"^ X P-^ and e\, n E'^ cannot be contracted on E"^. Thus it holds {E}} = {Ef} as sets. 
This implies that Ai A2 is a flop. Since p{Ai) = p{A2) = 2, pi and p2 are the contractions 
of {Ef} along two different directions. 
Therefore we have the following diagram: 

(4.1) A, A2 




B B. 

For simplicity of the notation, we use the same notation for divisors on Ai and their strict 
transforms on A2. 

Let H be the pull-back of the ample generator of Pic-B by /i and L the pull-back of the 
ample generator of Pici? by /2. Since f2*H is an effective divisor on B on the right hand side, 
it holds that f2*H ~ pf2*L, where p is a positive integer. Since H is an /2-divisor on A2, we 
can write 



(4.2) 



H r^pL-qE^, 
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where g is a non-negative integer. It holds that —Ka^ = 2H—E^ and similarly —Ka2 = 2L—E^. 
Thus 

(4.3) 2H -E^ = 2L- E^. 
By (giS]) and (gJD, we have 

(4.4) E^ = {2p-2)L- {2q-l)E^. 
By (gil]) and (03]), it holds 

L = ^-^H - -^E\ and E^ = ^-^H - -^E\ 
2q — p 2q — p 2q — p 2q — p 

I := 2^3^ must be an integer, thus we have q = Iq' and p = g'(2/ — 1) with an integer q'. 
Moreover = ^^^7^ is also an integer, we have q' = 1. Thus we have p = 2q — 1. We 
compute {-KaJ^e' in two ways: first, {-KA.fE^ = {2H - E^fE^ = -AH{E^f + {E^f. 
Since /i is the blow-up along a smooth rational curve of degree d, we have H[E^Y = —d and 
{Ey = -{2d -2). Thus {-KaJ'^E^ = 2d + 2. Second, note that {-Ka.YE^ = {-Ka^YE^ 
since Ai A2 is a flop (see [Tl Lemma 3.1 (1)] or |ShBt the proof of Corollary 9.3 (3)] for 
example). By -Ka^ = 2L - E^ and E^ = 4(g - 1)L - {2q - 1)E'^, it holds that {-Ka^^E^ = 
{2L—E'^)'^{4:{q—l)L—{2q—l)E'^). Since /2 is the blow-up along a smooth rational curve of degree 
d, we have L{E^)^ = -d and (^2)3 = -(2d-2) on A2. Thus {-KA^fE^ = 76q-78- {8q-6)d. 
Now we have the equahty: 

76g-78- (8g-6)rf = 2rf + 2. 
Since d = ^^^E^, we obtain the following solution for d > Q: 

• d = 6 and q = 2, 

• d = 8 and g = 4, or 

• d = 9 and q = 11. 

We compute (E^)^ in two ways. First, (E^)^ = —{2d — 2) as mentioned above. Second, since 
Ai A2 flops the strict transforms of bi-secant lines of C^, {E^)\_^ = {E^)\^ + 2'^s, where 
s := ('^~2)^('^~'^) ig ^Jie number of bi-secant lines (see for example [T], Lemma 3.1 (1)], or jTZ2t 
Proposition 3.5], where we give a detailed proof). It holds 

{E')\^ = (4(g - 1)L - (2g - 1)^^)3^ = 320(g - 1)^ - 2(2g - 1)^ - (8g - 10)(2g - 1)^^. 
Finally we have 

-{2d - 2) = 320(g - 1)^ - 2(2g - 1)^ - {8q - 10)(2g - 1)^^ + 8s. 
It is easy to verify only d = 6 and q = 2 satisfies this equality. 

□ 

Remark. In |TZ2t Proposition 3.10], we show that the diagram (14.11) as in the proof of Lemma 
I4.U.4I really exists in the case where d = 6. 

We refine Lemma [4.0.3[ 

Lemma 4.0.5. There is one to one correspondence between the isomorphism classes of A and 
the isomorphism classes of {Hi, 9). 
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Proof. In any case, note that {Hi, 9) is determined from {B,C). 

U d > 7, then {B, C) is recovered from A by Lemma r4.0.4l up to the PGL2-action, thus (Tii, 6) 
is also recovered. Therefore, by Lemma [4.0.3[ the assertion follows. 

Suppose d = 6. As in the case where d > 7, we have only to show that (Hi, 6) is recovered 
from A. By Lemma [4.0.41 and its proof, there are at most two choices of the contraction A ^ B. 
We use the notation of the proof of Lemma 14.0.41 By p = 3 and q = 2, the equality (14. 2 p is 
if ~ 3L — 2E'^, and the equahty (14. 4p is = AL — 3E^. From these equalities it is easy to 
see that there is one to one correspondence between the sets of lines on Ai and lines on A2. 
Moreover, if two lines on Ai intersect, then the corresponding two lines on A2 intersect, and 
vice versa. Thus we can identify the Hilbert schemes of lines on Ai and A2, and the theta 
characteristics on them. Thus {T-Ci,6) is recovered from A. □ 



The proof of Theorem \4.U.^ We show that the isomorphism classes of A form an at least {2d - 



3)-dimensional family. Indeed, an isomorphism of pairs {B,C^) — >■ {B,C'^), where and are 
smooth rational curves of degree d on B, induces an isomorphism of the corresponding 3- folds 
Ai and A2 as in Theorem 11.3.61 Conversely, let Ai and A2 be two mutually isomorphic 3-folds 
as in Theorem II. 3. 61 Choose a contraction Ai —>■ B and a smooth rational curve of degree d 
on B as in Theorem 11.3.61 Then, by an isomorphism l: Ai A2, we obtain the corresponding 
contraction A2 ^ B and the smooth rational curve of degree d on B. Thus l induces an 
isomorphism of pairs {B, C^) — > {B, C^). Since dimTif = 2d and dim Aut B = dimPGL2 = 3, 
the isomorphism classes of {B, C), where C G 7Y^, form an at least (2(i — 3)-dimensional family. 
Therefore the isomorphism classes of A form a at least {2d — 3)-dimensional family since the 
choices of the contractions A ^ B are finite by Lemma I4.0.4[ Now Lemma 14.0.51 implies 
that the isomorphism classes of {Tii^O) form a at least {2d — 3)-dimensional family. Since 
dim AIJ^'Lg = 2(i — 3 and a smooth curve has only a finite number of theta characteristics, it 
holds that the isomorphism classes of (Tii, 9) form an open set of an irreducible component of 
dominating M.^f_2- In particular, dimlmTr^ = 2c/ — 3. Moreover, a general PGL2-orbit in 
Ti^ is 3-dimensional since the isomorphism classes of {B, C), where C e TC^, form a {2d — 3)- 
dimensional family. Therefore a general fiber of ps is 3-dimensional and contains a general 
PGL2-orbit as a dense open subset. Then S^_^2 birationally parameterizes PGL2-orbits in Ti.^ . 
Now the description of qs follows from Lemmas 14.0.41 and 14.0.51 □ 

By the proof of Theorem 14.0.2^ we have the following: 

Corollary 4.0.6. The image ofng: Ti.^ --->• iSjl^2 ^■^ '^^ irreducible component o/iSj^2 domi- 
nating Ai^J^2- -^^ particular a general Tii is a general trigonal curve of genus d — 2. 
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